Abstract. Gravitational Wave (GW) astronomy severely narrowed down the theoretical space for scalar-tensor theories. We propose a new class of attractor models for Horndeski action in which GWs propagate at the speed of light in the nearby universe but not in the past. To do so we derive new solutions to the interacting dark sector in which the ratio of dark energy and dark matter remains constant, which we refer to as doppelgänger dark energy (DDE). We then remove the interaction between dark matter and dark energy by a suitable change of variables. The accelerated expansion that (we) baryons observe is due to a conformal coupling to the dark energy scalar field. We show how in this context it is possible to find a non trivial subset of solutions in which GWs propagate at the speed of light only at low red-shifts. The model is an attractor, thus reaching the limit c T → 1 relatively fast. However, the effect of baryons turns out to be non-negligible and severely constrains the form of the Lagrangian. In passing, we found that in the simplest DDE models the no-ghost conditions for perturbations require a non-universal coupling to gravity. In the end, we comment on possible ways to solve the lack of matter domination stage for DDE models.
Introduction
Since the discovery of the accelerated expansion of the Universe a vast class of dark energy models have been proposed. In other words, we still lack of a solid explanation for the mechanism behind it. Most dark energy models are basically identical to the standard cosmological model, a.k.a. ΛCDM, at the background evolution but might differ at the linear and non-linear perturbation level. Among these, scalar-tensor theories of gravity have played a pivotal role and have witnessed in recent years significant theoretical advances. The re-discovery of the most general scalar-tensor theory that gives second order equations of motion, Horndeski action [1] or Covariant Galileons [2] , and their extensions [3] [4] [5] [6] [7] [8] [9] provided a very general framework for such theories. The drawback is that the theory space is extremely large and hard to constrain.
The large degeneracy between dark energy models start to face with the reality of observations. In fact, most of these models predict an anomalous propagation speed for gravitational waves [10] [11] [12] . The almost simultaneous detection of GWs and the electromagnetic counterparts tells us that within 40 Mpc (at z ∼ 0.08) from us GWs propagate at the speed of light [13] . Since the signals arrived within 1s difference and light took 10 15 s to reach us, we have that |c 2 T /c 2 − 1| < 10 −15 . Such tight constraint immediately ruled out most of the Dark Energy (DE) theories containing derivative couplings to gravity or at least those models which show this effect in the nearby universe (in cosmological scales) [14] [15] [16] [17] [18] . Nevertheless, the window for other dark energy models, e.g. with non-minimal couplings to gravity, non-local gravity, etc., is still large [19] . The situation becomes increasingly interesting if one considers interaction among dark energy and dark matter [20] [21] [22] . For example, see Ref. [23] where interacting dark energy could provide a solution to the H 0 tension between Planck and local measurements and Ref. [24] where it is used to solve the σ 8 tension. As we will see they also provide a way to avoid the GWs constraint within the Horndeski theory without considering any fine-tuning of the matter couplings or cancellations among Horndeski functions.
On top of all that, the fact that the energy density of Dark Matter (DM) and DE are so close at present eludes explanation. The so-called coincidence problem could be alleviated if the energy density of DE is proportional to the energy density of DM and this proportionality is constant in time in the nearby universe. The coincidence problem is then set aside to a order-of-unity constant which must be fixed by observations. This mechanism was first proposed in Ref. [25] using interacting DE and we will refer to these solutions as Doppelgänger 1 Dark Energy (DDE), thus avoiding the use of terms like scaling or tracking solutions, that have been applied also to different set ups, e.g. Ref. [19] . More DDE solutions have been found in Refs. [26] [27] [28] in the context of scalar-tensor (Horndeski) theories. Interestingly, these solutions do not only have applications to the late universe but have been used in different situations, e.g. in primordial black hole scenarios [29] , growing matter cosmology [30] , etc.
In DDE models, DE and DM interact in such a way so that both components behave as a single fluid with an effective equation of state. This implies that the DE Lagrangian has to be of a specific form, compatible with the modified evolution of DM. At the perturbation level, they will obviously behave differently. There are, however, two drawbacks in this approach. First, the functional form of the DE Lagrangian depends on the form of the interaction with DM. Thus, finding a general solution is a non-trivial task [28] . This methodology works well for K-essence models but gets increasingly complicated with Horndeski Lagrangians (and beyond) [28] . Secondly, the DDE accelerating solution is present as soon as DM dominates and, since it is an attractor solution, the system relaxes there relatively fast. For this same reason, DDE usually lacks of an epoch of regular matter domination [26] . The usual way out is to consider a baryon dominated stage or that DE is doppelgänger of neutrinos instead of DM [30] . We will suggest alternative solutions to the shortcomings discussed above.
In this work, we propose a new way to approach DDE in general scalar-tensor theories and find a more general DDE action, extending previous results. Furthermore, we investigate the effects of the recent constraint on the speed of gravitational waves on the DDE action. We found that DDE solutions can be made compatible with the recent constraints while still allowing for non-trivial effects out of the DDE regime. In our approach, we first remove the DM and DE interaction by a conformal transformation of the metric. Once we work in the newly defined metric -usually referred to as working in a different frame -the requirements for DDE are straightforward and the lengthy process to find solutions is simplified. In this new picture, the energy density of DE just happens to behave like a matter fluid. The acceleration of the universe observed by baryons is then due to a conformal coupling between baryons and DE. Neglecting the effects of baryons for the background evolution, we find the most general solutions of DDE.
Lastly, treating baryons as a perturbation to our solutions, we find that baryons tend to take the system out of the DDE attractor by 1% at linear level. While this has no important impact on the background evolution nor on scalar perturbations, one expects that a 1% deviation from c 2 T = 1 is ruled out by observations. We use the GWs observation to constrain the form of the Lagrangian. This also has significant implications for fine-tuned models, in which the fine-tuning is chosen in the absence of matter fields. We thus expect that either the fine-tuned model would be ruled out when one takes into account matter fields or it should be further fine-tuned to account for such deviation [16, 17] . The advantage of using DDE models is that we only have to consider the deviations due to baryons, as DM and DE behave as a single fluid.
The paper is organized as follows. In Sec. 2, we review the previous approach to DDE solutions and we show that there always exists a frame in which the interaction between DM and DE is absent. We place emphasis on what are the observables and how they do not depend on the frame. In Sec. 3 we proceed to find the DE Lagrangian compatible with DDE solutions. We do so using a different approach than in Ref. [25, 27, 28] , namely we focus on the rough behaviour of the energy density of DE, similar in spirit to Ref. [31] . We find new solutions and provide a way to study the phase space in complete generality. In Sec. 4, we study a particular case to model the current acceleration of the universe and compatible with the recent GW observation. At the end of this section, we provide a way to have a matter dominated stage in DDE. We further discuss about possible screenings and the behavior of this solution during matter and radiation domination. We conclude our work in Sec. 5. Explicit formulas can be found in the Appendices.
Interacting dark matter and metric transformations
A key ingredient to get naturally accelerating DDE solutions seems to be a non-trivial interaction between DM and the scalar field responsible for DE. This is readily seen from the fact that if there is no interaction and the fields are minimally coupled to gravity, the only option to get a proportionality between matter and DE energy densities is that the scalar field behaves like dust. Clearly, this cannot describe the current expansion of the universe. If one uses a non-trivial interaction between DM and DE, leaving the Standard Model (SM) sector uncoupled, then the effective equation of state of dark matter is modified and both DM and DE behave on the background as a single fluid with a single effective equation of state on cosmological scales. Note that the small scales behaviour will be clearly different. Usually such interaction is modelled at the level of the equations of motion by a term violating the energy conservation of DM. In a Friedmann-Lemaître-Robertson-Walker (FLRW) metric, the interaction reads
wheret is the cosmic time,ρ DM is the energy density of dark matter,H is the expansion parameter, φ is the DE scalar field and Q(φ) is an arbitrary function of the scalar field. The main difficulty to find a general DDE Lagrangian is that the function Q(φ) needs to appear inside the DE Lagrangian functions and significantly complicates the analysis. If the DE Lagrangian contains non-minimal and derivative couplings to gravity, then it becomes extremely involved -even if one assumes that Q is a constant [28] . By removing the interaction, we will avoid some of the complications. To be more clear on this statement, let us work in the action formalism. The action can be written in the following form, 
where λ is a Lagrange multiplier, 2 B(φ) is a non-zero well behaved function of φ and∇ µ σ is the 4-velocity of the DM fluid. This form of the Lagrangian 3 is known to give a dust fluid for B = 1 [32, 33] and it is widely used in mimetic gravity [34] . Such kind of nonminimal couplings between a scalar field and matter field is ubiquitous in higher dimensional theories, e.g. string theory and braneworld, and in R 2 models [35, 36] . It often takes the form of e qϕ where q is related to the parameters of the underlying theory and is referred to as dilatonic coupling. It should be noted that in the present case DM and SM are nonuniversally coupled to gravity. It would be interesting to derive this kind of non-universal coupling from a fundamental set up. This could probably be realized in a braneworlds, where the interaction of DM with the extra dimension is different to that of baryons [37] ; similar to the inflationary model in Ref. [38] , where the metric is different if scalar field lives in the bulk or in the brane.
To illustrate the interaction, let us focus on a FLRW background given by where we included baryons and radiation and we
δ δāL i |N =1 as in Ref. [39] . A quick inspection to Eq. (2.3) tells us that the interaction between DE and DM, i.e. the function B, can be absorbed into the metricḡ µν . Therefore, we can work in a frame -in a new metric -where DE and DM do not interact. It is important to note that this is always possible and independent of the functional form of B.
Removing interactions by a change of variables
In order to achieve the desired frame change, we inspect Eq. (2.3) and notice that the DM 4-velocity is geodesic of the metric
2 Any dependence on φ in front of the Lagrange multiplier λ does not have any practical effect. 3 Note that a potential for σ would also give dust.
We can thus rewrite our action in terms of the new conformal metric in which DM behaves as the usual pressure-less fluid. The DM Lagrangian in the new frame is explicitly given by
In this form it is clear that we have a pressureless fluid with conserved energy density. The new FLRW metric reads 
Recall that radiation (w r = 1/3) is conformal invariant. In this new frame baryons will now get a coupling to dark energy but since we are interested in recent epochs where baryons are subdominant we neglect them for now. However, as we shall explore later, this component plays nonetheless an important role. Since in this frame DM is minimally coupled to the metric g µν we call the corresponding form of the action the DM frame. Let us emphasize that "barred" quantities always refer to the matter frame and "unbarred" ones to the dark matter frame. On the other hand, the DE Lagrangian transforms as well and the action is given by
The relation betweenL i 's and L i 's up to L 4 can be found in the App. A (see also Refs. [7, 8, 40] ). The important point is that the dependence on B appears on L SM and in L i 's. Nevertheless, since we consider the effect of baryons and radiation to be irrelevant as a first order approximation, the particular form of B in L i 's is irrelevant in the DM frame at first order approximation as we will treat the L i 's as general as possible. Before going into the details of the solutions, it is important to review what are the physical observables. It is well-known that physics should not depend on field redefinitions; for the case of gravity see for example Ref. [41] . In late time cosmology one uses the redshift and the luminosity distance relation. In the presence of a general non-minimal coupling of the DE scalar to baryons -certainly the case of the DM frame -we find that the luminosity distance relation is given by [41] (also see App. A)
where dN = Hdt and z is the redshift. Thus, observations only tells us about the combined effect of the matter energy momentum tensor and the non-minimal coupling. In order to extract more information we need to make further assumptions. For example, for ΛCDM we assume that there is no interaction and that DM is a pressure-less fluid. For interacting dark sector model, we face a dark degeneracy [20] , i.e., we cannot distinguish the effects of DM and DE and, therefore, we cannot tell DM and DE apart. Note that most of the calculations in the literature are done in the matter frame, i.e. where the SM is uncoupled. Therefore, for an easier comparison, we shall show the relation between quantities in both frames. First, the Hubble parameters are related by 15) and dN =Hdt. The effective equations of state are defined by
and are related by
Note a couple of interesting things. First, there is no a priori bound on w eff as β is a free parameter. Second, only if d ln β/dN = 0 a constant effective equation of state will remain constant in any frame. The DE-DM proportionality constant will also depend on the frame and, hence, on β. Only if d ln β/dN = 0 the ratio will be constant in both frames, as we shall see in the next section. For these reason, we shall consider this case in what follows. Let us end this section by giving an interpretation of the value of β by assuming that w eff and β are constant. If one assumes a power-law universe, certainly the case for a single barotropic fluid with constant equation of state, we have thatH 2 ∝ā −3(1+w eff ) and B ∝ā β . We see that the effect of the conformal transformation is to change the expansion rate of the universe. For example, looking at (2.15) we see that if β > 1 then H < 0 ifH > 0 and vice-versa. So that we could go from a expanding universe to a contracting one [42, 43] . The case β = 1 (at all times) corresponds to Minkowski space.
New Lagrangian with DDE solutions
The advantage of working in the DM frame is that we do not have to worry of the specific form of Q and the DDE condition reduces only to find a DE Lagrangian that behaves as a pressurless fluid. Let us now focus on the DE Lagrangian. We will take the Horndeski form which is given by [2] 
,
1) where X ≡ − 1 2 ∇ µ φ∇ µ φ and G i with i = 2, 3, 4, 5 are general functions of φ and X. We did not include Beyond Horndeski terms for simplicity but the generalization is straightforward. As before the Friedman equations read
The explicit forms can be found in App. B. For the moment we are only interested in the first Friedman equation given by [31] 
where
4) The DDE solutions are characterized by a constant ratio between ρ φ and ρ DM , namely we must require that
where in the last step we used Eq. (2.11). If we neglect baryons and radiation, i.e., ρ b = ρ rad = 0, the time derivative of Eq. (3.3) yields
where we used Eq. (3.5) and the definition w eff , Eq. (2.16). It is not surprising that even if
we have that w eff = 0 due to the presence of a non-minimal coupling. To see this it is enough to use equation (3.3) and the w eff definition. This gives
This equation already tells us how the system should behave. Let us assume that w eff is constant, which will be true if baryons and radiation are negligible or if we are in the adiabatic regime where d ln w eff /dN 1. To proceed further we have to solve for the dynamics of the scalar field. We can take another approach nonetheless. We will assume that B is a dilatonic type coupling given by
where q is related to β once the dynamics of φ are known. This functional form is the wellknown dilatonic coupling in higher dimensional theories [35] if one uses a field redefinition ϕ ≡ ln φ. Then the assumption that β = cnt (see Eqs. (2.15) and (2.17)) tells us that
where we used that dN = (1 − β)dN . It should be noted that the crucial assumption is that β = cnt rather than the specific form of B in Eq. (3.7). In other words, if β = cnt we can always find a field redefinition of φ where B = φ q . With these assumption, Eq. (3.8) also tells us that
Using Eqs. (3.6), (3.8) and (3.9) we conclude that G 4 has to be a power law of φ and X.
In fact, we can easily build any Horndeski function G i by noting that there is a constant combination, namely
which would not contribute to Eqs. (3.5) and (3.6). Thus, we can write in general that
We could have also used X q i instead of φ p i but this is related by q i = p i /2p and redefining a new
We are left to find the relations among p i 's and p which are compatible with Eqs. (3.5) and (3.6). The latter straightforwardly gives
A quick inspection to Eq. (3.5) tells us that
We can regard p 2 , p 4 as the free parameters that determine α and w eff . The remaining functions have to scale as
which imply p 3 = p 4 − 1 and
This completes the general Lagrangian which admits DDE solutions. For a comparison with the literature we can derive a relation between equations of state given by
where we defined Ω φ = ρ φ /(6H 2 G 4 ) and we used the time derivative of the first Friedman and the second Friedman equations, namely
and w φ = p φ /ρ φ would be the equation of state for ρ φ . Note that w φ = 0 as ρ φ is not conserved. Interestingly, Eq. (3.16) is the same formula found in Ref. [44] . Let us summarize the new solution to DDE Lagrangian. We have found that the Horndeski Lagrangian coefficient functions given by
where 20) admit solutions where ρ φ ∝ ρ DM . Note that this form is a necessary condition to have DDE solutions. In order to be sufficient, there needs to be a relation among the free functions a i . This will be found by imposing that, in absence of radiation, they satisfy i P i = 0. For example, we can isolate a 2 in terms of the other functions. We would like to mention that the form of the Lagrangian reminds us of the tracker solutions found in [31] where it is required that Hφ 2p = cnt. In our case it is H 2 φ p 4 a 3 = cnt. Although different in practice, the spirit is similar. For later use we shall define here the DE-DM ratio in the dark matter and matter frame respectively as
whereρ φ is defined as ρ φ in Eq. (3.5) but with the matter frame Horndeski functionsḠ i . The DE-DM ratios are related by 
Comparison with previous models
For completeness we will compare our results with existing models in the literature. To do that we shall go back to the matter frame by undoing the conformal transformation Eq. (2.7). In this section we examine two illustrative cases. The explicit formulas are given in App. A. It should be noted that we are assuming a dilatonic type coupling for B and, therefore, the matter frame Lagrangian that we will obtain is only valid for such kind of interaction. However, it is important to emphasize that the solutions in the dark matter frame do not depend on the form of the coupling and the matter frame for a general coupling can be straightforwardly found. For an easy comparison with the literature we will keep our assumption that B = φ q with q a free parameter. In the first example, let us consider that G 3 = G 5 = 0 and
In this case we findḠ
Additionally we require that B = φ p 4 /2 so thatḠ 4 = 1 2 M 2 pl . After a short algebra we get
This form will look more familiar after a field redefinition ϕ = ln φ. In this notation
This recovers the very well known form of DDE solutions [26, 44] . In our second example, let us briefly expand the previous case to include G 3 . Using the same assumptions on B and G 4 we find
which yieldsḠ
In the action this terms appears asḠ 3¯ φ. Thus doing the field redefinition ϕ = ln φ we find that
Note that the last term in the right hand side is just a constant and thus yields a total derivative. In general, the Lagrangian in the matter frame, where most of the literature works with, is given byḠ
The relation with the dark matter frame exponents arē
Note that we are working with ϕ and therefore the form ofḠ 3 andḠ 5 differ by a factor φ = e ϕ when using φ instead. This Lagrangian has to be supplied with the interaction with DM that is given by
The effective equation of state is given bȳ
Note that forp 4 =p 2 we havew eff = −1. Forp 4 = 0 we havew eff =−λ , which is exactly what Ref. [44] finds. As one can see, working in the matter frame involves the quantity q in the DM-DE system. The advantage of working in the dark matter frame is that q is not present and thus we can draw general results more clearly.
Our results go beyond that found in Refs. [27, 28] . The first reason for our extension is that we used a different definition of ρ φ than in Refs. [27, 28] , mainly we kept the explicit dependence on G 4 in the left hand side of the Friedman equation (3.3) . In Refs. [27, 28] , the energy density of DE, say ρ φ , is regarded as the remaining contribution after subtracting and adding 3H 2 M 2 pl to Eq. (3.3) so that it looks like 3H 2 M 2 pl = ρ φ + ρ DM . Obviously, physics do not depend on such choice of definition [45, 46] but we easily miss solutions where G 4 plays an important role. The second reason for our generalization is that Refs. [27, 28] work in the matter frame and, therefore, the function Q appears non-trivially in the master equation. Because of this one needs to use ansatz which need not be completely general. Thus, our new Lagrangian is more general that those previously found.
Phase space and stability of fixed points
Now that we have general DDE solutions for Horndeski model we will move to the analysis of their nature. In particular we will be interested in studying the phase space and see if the solutions found are attractors. In order to do so, let us consider the Lagrangian given by Eq. (3.19) . It is convenient to introduce the following variables:
and Ω r ≡ ρ rad 6H 2 G 4 .
(3.35) Note that Y = x 2 /y 2 . In this way the first Friedman equation is given by
We can then write the second Friedman equation and the time derivative of the first Friedman equation respectively as
and the explicit expressions for P , P 1 , P 2 , F 1 , F 2 and Ω φ can be found in the App. B due to their length. We have also used that
where we made use of the fact thatρ b ∝ā −3 due to conservation of energy of baryons in the matter frame and that ρ b =ρ b B(φ) 4 . The autonomous system of equations is given by Eqs. (3.39), (3.40), (3.41),
The fixed point where dx/dN = dy/dN = 0 is given by F = P = 0. Note that from the definition of y we have
The latter equation will be useful to relate w eff with p 2 and p 4 at the fixed point. The general solution for F = 0 is given by where a subindex s indicates that the functions are evaluated on the fixed point solution.
The eigenvalues of this matrix tells us how the perturbations grow or decay and are given by
The system will be an attractor if µ ± < 0. The general form is involved and we shall use a particular example in next section. One may worry that an attractor in the dark matter frame might not be an attractor in the matter frame. This is clear once we take a look at the relation between variables. It can be checked that the variables of the autonomous system in the matter frame arē
The relation with the dark matter frame variables is given by
It is clear from this that the attractor behavior is not substantially changed. Perturbing around the DDE solution with constant x and y just gives a constant rescaling relating x andx. Regarding y, it mixesȳ withx but this will not change the attractor behavior. The relevant change would be that δx ∝ a µ ± whereas δx ∝āμ
where we just used that a = B −1ā and then
At this point note that β is a free parameter (given by the free parameter q), only appearing through the relations of c, w eff withc andw eff . It is interesting to see that a priori by choosing β < 0 and large we can make our solution a very strong attractor. We will see however that it cannot be made an infinitely strong attractor due to the implicit dependence on β in c. Also note how for β > 1 the solution is apparently no longer an attractor in the matter frame. To understand this take a look at the relation between the number of e-folds dN = (1 − β) dN . Take for example β = −9. It means that 10 e-folds in the dark matter frame corresponds to 1 e-fold in the matter frame. Thus, the attractor is reached in less e-folds using the matter frame time coordinate. Contrariwise, if β > 1 the direction of time in the matter frame is reversed and thus the system is getting out of the attractor as time goes.
Applications to DE: attractors with c T = 1
Let us apply our newly derived model as a viable DE model. We need our model to be compatible with c 2 T /c 2 − 1 < 10 −15 . A study of the tensor perturbations of our models in the fixed point yields (see App. C)
In order to satisfy the LIGO constraint one possibility is to take a 4 = M 2 pl /2 and a 5 = 0, i.e., to reduce to KGB model [47] . Note that p 4 (the exponent of the non-minimal coupling) does not appear in c 2 T , as any conformal coupling that depends only on φ does not modify the propagation of GWs. The second possibility is that a 4 and a 5 are such that their combination in c 2 T cancels out. However, we note that this would require an a priori unjustified fine-tuning [14] [15] [16] . A third option is to extend the discussion to beyond Horndeski and extended scalar tensor theories (a.k.a. DHOST) and select those models where at linear level c T = 1 [17, 19] .
Here, we will instead investigate a fourth possibility which is characteristic of DDE solutions. To satisfy the constraint we require that
and a 5 s = 0 or p 5 = 0 evaluated on the DDE solutions. In other words, on the DDE solution G 4 should effectively depend on φ only and G 5 should be constant. The interesting feature of this mechanism is that this requirement would be dynamically reached (as long as µ ± < 0) and only applies when we are on the DDE solution and therefore out of such solution a 4,Y = 0 and a 5,Y = 0 in general. This is is then able pass the LIGO constraint because the detection is at z ∼ 0.08 which means that occurred in our nearby universe (in cosmological terms). At this point, however, one has to be sure that c 2 T = 1 is actually stable. Let's consider a small perturbation out from the DDE solution, e.g. due to the effect of baryons. Then for Y = Y s + δY we have We will use the formulas derived in Ref. [31] and for completeness we wrote them in the App. C. The no-ghost conditions for the gradient and kinetic terms of the perturbations respectively are c 2 s > 0 and Q s > 0 which read
and ). This also implies that for q = 0, i.e. Ω DM and Ω r are independent of DE, the solution p 4 = 0 is always safe since in that case p 4± /p 2 > 0, as it should be. We can rewrite the condition Eq. (4.4) on the DDE solution in terms ofw eff ,c and β using Eqs. (3.22) and (2.17) . The positivity of c 2 s can be then translated to the fact that β / ∈ (β − , β + ), where
For example, forc = 2.3 andw eff = −0.7 we have that β / ∈ (−2.1, 0.8). Outside this range the theory is healthy. It should be noted that if we consider the casew eff = −1 then β / ∈ (−3.7, −0.33) and the original model with p 4 = p 2 /2 has a ghost in general.
There is an interesting result from our analysis. Only considering G 2 and G 4 (which includes the original models), we have found that we need to consider a non-universal coupling to gravity if we require Doppelgänger behaviour, acceleration and stable perturbations. The reason is that if DM and SM universally couple to gravity, that is β = 0 (matter and dark matter frames coincide), and we require thatw eff = w eff = −p 4 /p 2 ∼ −0.7 we find that there is a ghost in general, i.e. c 2 s < 0. We could consider a more general Lagrangian with a suitable G 3 but rather than entering in more fine-tunings we will stick to the non-universal coupling to gravity. For this reason, we will consider the case where β < β − which is both healthy and interesting as we shall see. The case β ∼ β − is also interesting for models where DE could cluster as c 2 s ∼ 0.
Phase space and stability of fixed points of DDE
Let us now study in detail the phase space and stability of this particular example. We will apply the equations derived in Sec. 8) and we used the DDE condition ρ φ /ρ DM = Ω φ /Ω DM = c. We also have
From Eq. (3.43) we find
The remaining condition is given by
which we will use to solve for a 2 . We study the perturbations around the fixed point and in this particular case Eq. (4.12) yields (see App. B)
Note that A ∝ Q s and therefore the no-ghost condition imposes A > 0 as well. A short exercise tells that Eq. (3.50) applied to the first example of Sec. 3.1 exactly matches the results of Ref. [48] . Thus, it is a further support of our calculations in the dark matter frame. Let us consider the first non-trivial extension of Ref. [25, 44] , that is canonical scalar field (a 2,Y Y = 0) with a general non-minimal coupling to gravity (p 4 = 0). We are interested in the case where the system is a strong attractor in the matter frame, i.e.,μ ± < 0. According to Eq. (3.50), we may choose β very large so as to have |μ ± | 1. However, a quick inspection to Eqs. (2.17), (3.22) and (4.8) tells us that in the limit β → −∞ we are led to p 4 /p 2 → 1/3 and Ω φ → 1. In that limit,μ − → 0 as the last term of the square root in Eq. (4.12) goes to zero as β −2 . Contrariwise, if β = β − ∼ −2.1 (the upper bound for the no-ghost conditions) we find that the square root becomes imaginary and thusμ − ≈ −1.3. A numerical search finds that the optimal value is β ≈ −3.8 whereμ − ≈ −2.2. This means that in 1 e-fold the system approaches the attractor by 0.1. For a general form of a 2,Y Y = 0 one could make the attractor much stronger. In any case, the main point of this section is to show that the simplest model is generally an attractor. For this reason, we expect that by enlarging the functional space to include a 3 and a 5 there will still be models with such attractor behavior. We will see that in fact the main issue with this model will be a departure from the DDE due to baryons.
Effect of baryons
In the DM frame we have seen how baryons get non-minimally coupled to the scalar field. So far we have neglected this component as it is subdominant in the late time cosmology. However, the effect of baryons is quite interesting. First of all, it is important to note that on the attractor solution
where we integrated Eq. (3.40) on the fixed point. For β < 0 or β > 1 (q/p 2 > 0) we have that the relative energy density of baryons increases backwards in time. This means that there was an epoch where baryons dominated the universe. If 0 < β < 1 (q/p 2 > 0) then Ω b increases with time and baryons will dominate in the future. For β = q = 0 baryons interact with DE like DM and the DDE solution is preserved but this case has a ghost in the scalar sector (see Sec. 4.1). We will treat baryons perturbatively and study its effects. The effect of baryons into the scaling value of c → c + δc is small and at the current time is given by
where we tookΩ b,0 ≡ρ b,0 /3H 2 0 M 2 pl ≈ 4 × 10 −2 in the matter frame and that c > 1 since |β| > 1 (β < 0), see Eq. (3.22). Solving δP = δF = 0 due to baryons we find
where we have usedΩ DM,0 ≡ρ DM,0 /3H 2 0 M 2 pl ≈ 0.27 and that the ratioΩ b /Ω DM = Ω b /Ω DM is frame independent. Note that for β, q → 0 there is no effect from the baryons. We can now compute the change in
The effect on c 2 T , if we assume that the previous (n − 1)-th derivative of a 4 vanish, i.e. a 4,Y n−1 | s = 0, reads
To have an order of magnitude estimate let us use that Ω b /Ω DM ≈ 0.15 and assume that β < β − ∼ −2.1. In that case, we find that typically δY /Y s ∼ 0.1 (since for large β we have q/p 2 ∼ p 4 /p 2 ∼ 1/3 and Ω φ ∼ 1) and we can roughly estimate
Let us assume that a 4 has a "minimum" in Y, e.g. 20) where n represent the steepness and the typical value of Y s ∝ H 2 0 gives us the scale in which the DDE with c T = 1 starts. The constraint from GWs then tells us that
For example, if we require that c 4 ∼ O(1) we need n > 16. As expected we need a large tuning to be compatible with such a tight constraint. We may relax the value of n by assuming that c 4 1 but then one may argue that we are fine tuning the coefficient as well. For completeness, we check the effect on the effective equation of state which is small, as expected, and it is given by
Let us briefly discuss possible screenings on local scales. Since we have both a conformal coupling to baryons and higher derivatives the model potentially has Vainshtein and Chameleon screenings. The length scale of the Vainshtein mechanism is given by the coefficient in front of the higher order derivatives [49, 50] , that is G 4,X . Since we are expanding around a cosmological background where G 4,X is vanishing we have that the Vainshtein will be essentially zero for practical purposes. It should be noted that by considering a non-trivial G 3 , we could enlarge the possibility of Vainshtein screening.
Let us turn now to the Chameleon screening. Since in the matter frame we have a conformal coupling to baryons with q, the Chameleon mechanism [51, 52] would apply for baryons depending on the effective potential for φ. For example, for simplicity we can consider that the Lagrangian for baryons is similar to that of DM, i.e. Eq. (2.8), but for the metric g. It is convenient to go to the "Einstein" frame 4 byḡ µν = φ −p 4g µν . In such frame, we can see that the effective potential is roughly given by (ifp 4 = 0)
There will be possibility of screening where the baryon energy density is relevant if
For our particular case (β < 0 and |β| 1), we have p 4 /p 2 ∼ 1/3 and q/p 2 ∼ 1/3 which does not fall in the Chameleon screening. In fact only for 3w eff < β < 3(1 + 2w eff ) will there be screening mechanism. It is interesting to note that it falls in the excluded regime by the no-ghost conditions. The only way out is to consider thatp 4 = 0 (alternatively β ∼ −2.1) when the matter frame is already the "Einstein" frame. There will not be any screening but there will not be any fifth force either, like quintessence models [44] . A further study might be interesting but it is out of the scope of the present work. Here we present the minimal example where c 2 T = 1 is not achieved by a fine tuning of the coefficient but rather by the presence of a "minimum" at the present time for the function G 4 .
We end this section by suggesting possible ways to attain a proper matter domination and radiation stages and to study the modification of c T at early times. The first point to note is that the solutions on the dark matter frame do not depend directly on β (the coupling to the SM). They do depend indirectly once we require that baryons see an accelerated expanding universe today withw eff ≈ −0.7. An interesting possibility is to allow for a time dependence in β -essentially constant nowadays but changed in the past. Then we can see from Eqs. (2.17) and (3.22) thatw eff andc are not constant and they could, for example, change towards a matter dominated stage. This also implies that there must be DDE solutions without constant effective equation of state. Regarding the value of c 2 T during radiation domination, we would require a specific model that has a proper matter domination stage to study the full evolution. For example, significant departures from c T = 1 during matter and radiation domination eras could be seen respectively by space-based GWs detectors like LISA or by B-mode polarization (c 2 T = 1 shifts the positions of the angular peaks in the power spectrum, as first pointed out in [53] ). For example, if r ∼ 0.1 the CMB bound is c 2 T < 3 [54] . For smaller r, the constraint is looser since r ∝ c 
We will get a lower or upper bound on c 2 T depending on the values of c 4 and n. For example, for c 4 ∼ −1 and n = 16 we have that c 2 T < 0.44 while for c 4 ∼ 0.1 we get c 2 T > 1.15. Lastly, we note that for c 4 > 0.8 we would have a ghost, i.e. c 2 T < 0. Similar logic applies to odd n by flipping the sign of c 4 . The main point is that given a complete model for DDE cosmology we would be able to constraint the value of c 4 and n using the early/late time universe bounds on c 2 T [13, [53] [54] [55] . Future observations of CMB B-mode polarization might provide constraints on the parameters. For the LISA band, it will depend on how to achieve the matter dominated stage. For example, if it is achieved by a time-dependentw ef f we do not expect much deviation form c 2 T = 1 since x will be roughly constant. Thus, we have provided a model where significant deviations from c 2 T = 1 in the early universe are expected.
Conclusions
The (almost) simultaneous detection of GWs and their electromagnetic counterpart [13] ruled out, at first glance, most of the Horndeski theories [14] [15] [16] ; basically all the terms that contain derivative couplings to gravity, i.e. L 4 and L 5 . Here we enlarged the space of models that could potentially pass the GW constraint within Horndeski theories with interaction between the scalar field and dark matter. We proposed a class of models with non-trivial L 4 and L 5 in which the value c T = 1 might be achieved dynamically and, therefore, avoids the fine-tuning problem. For simplicity, we studied the particular cases without L 3 and L 5 and show that there are attractor solutions with c T = 1. We expect that there are still solutions including L 3 and L 5 with attractor behavior, since the functional space has been enlarged. Furthermore, these models can be take as a motivation to consider effective field theory models of dark energy [56] in which c T (t) → 1 only at low redshifts but c T = 1 at high redshifts.
To do that, we found new solutions to interacting dark sector models in which the ratio between dark energy and dark matter energy densities is constant; in turn alleviating the coincidence problem. We called these class of solutions Doppelgänger Dark Energy (DDE). DDE models are usually interpreted as a non-trivial interaction between DM and DE. In this work, we have provided a new interpretation of the model by removing the interaction via a conformal transformation. We then introduced the matter frame where baryons are minimally coupled but DM interacts with DE and the dark matter frame where the DM is a free dust fluid but baryons have a dilatonic coupling to DE. In the latter frame DDE solutions are viewed just as regular DM plus a DE component which behaves like a matter fluid (in the DDE regime). The observed accelerated expansion of the universe is then due to a conformal coupling between DE and the standard model. We have found the most general solutions of DDE in the Horndeski Lagrangian; thus greatly extending the results in the literature [28] . One of the main results is the general form of the Lagrangian which admits DDE solutions and it is given in the matter frame by Eq. (3.30) .
Concerning the GW bounds on c T , we discussed the theory space that is still allowed that includes DDE solutions with a non-trivial form of L 4 and L 5 . The crucial point is that L i are general functions of Y ≡ Xφ 2p which is constant on the DDE solution. In this way, we chose that G 4 and G 5 to have a "minimum" in Y only on the attractor solution, say G 4,Y | s = G 5,Y | s = 0 and therefore c 2 T = 1, but not otherwise. Afterwards, we focused on a particular model within the new solutions using only L 2 and L 4 . Interestingly, these DDE solutions are attractors for a certain parameter range; thus, reaching the value c T = 1 at low redshifts dynamically.
We have then studied the phase space of the system and we have imposed the no-ghost conditions for perturbations. We found that the no-ghost conditions on accelerating DDE solutions with general G 2 and G 4 require a non-universal coupling to gravity. Assuming the ΛCDM values, that isw eff ≈ −0.7 andc ≈ 2.3 (see Eqs. (2.17) and (3.22)), we have that the value of the dark matter frame variables c and w eff depend only on the conformal coupling to matter β. The model is stable and an attractor for β < β − , which is clear from Eqs. (4.7) and (4.12). Furthermore, we estimated the steepness of the "minimum" in G 4 by a parameter n (∂ i G 4 /∂Y i = 0 for i < n) which tells us how hard it is to depart from c 2 T = 1 with a departure from the DDE solution. We have found that due to the effect of baryons, which in general takes the system out of the fixed point by 1%, the power n has to be fairly large. In fact, the repercussion of the effect to the departure of c 2 T scales as δc 2
and thus we must require that n > 16 in order to be compatible with the observation of the GW event [13] . We have argued that our model predicts significant departures from c 2 T = 1 during radiation domination, which might place future bounds on our parameters using CMB B-mode polarization data. Future observations on CMB B-mode polarization [53, 55] and space-based GWs detectors, e.g. LISA, will place stringent constraints on this kind of models. A glance at possible screening mechanisms shows that neither the Chameleon nor the Vainshtein mechanisms would not work in our particular model. Nevertheless, while this particular example might be ultimately ruled out by other constraints, we have proposed a dynamical mechanism to achieve c 2 T = 1 that goes beyond those discussed in Refs. [14] [15] [16] [17] [18] [19] ; yet it allows for significant departures from c 2 T = 1 in the early universe. Although the presented models require a fine-tuning of n > 16 and, thus, they might not be distinguishable from other forms of tuning, they dynamically achieve c 2 T → 1 at present only with G 4 and are essentially not background dependent.
Let us end by noting that our approach could also be applied to generalized interactions and generalized models. For example, we could have a DDE in the dark matter frame and consider a general disformal coupling to matter with kinetic dependence. Then we should require that in the matter frame c 2 T = 1 but we will have a non-trivial derivative interaction between DM and DE. This line of research will be pursued elsewhere. It would also be interesting to derive non-universal couplings to gravity in the dark sector and in the standard model from a fundamental approach but this is far from the scope of this paper.
sions during the YITP symposium YKIS2018a "General Relativity -The Next Generation -" were useful to complete this work.
A Mapping frame to frame
Let us compute the redshift in the dark matter frame. As it is well explained in Ref. [41] if the SM has a non-trivial coupling to a scalar field one finds that the mass of the baryons and fermions are rescaled under Eq. (2.7) by m = Bm so that our knowledge of emission of photons has to be translated into the past. For example, when we compare a observed frequency from a transition at a time t and today we find
where the subindex 0 stands for today. Thus, we one computes the redshift it does not only contain information about the expansion but about the time dependent mass of the particles as well. The redshift of the photons then can be written as
where in the first step we are measuring the frequency as it would be emitted today and has to be translated to the corresponding time of emission to related it with the expansion of the universe. Note that this coincides with the usual calculation in the matter frame. A similar reasoning can be done for the distance luminosity relation and one finds
where r = dt/a is the physical distance travelled by the photons. Thus, observables are frame independent as it is well known.
For example, in ΛCDM we have that B = 1, Q = 0 (DM behave as a pressureless fluid) and thus
3H
2 =ρ Λ +ρ DM,0ā −3 and 1 +w eff =ρ
where a subindex 0 refers to the value today and a 0 = 1. Then we conclude that at present w eff ≈ −0.7 which yields thatρ Λ /ρ DM ≈ 2.33.
A.1 Change in the Lagrangian
Here we derived the relations between Lagrangian up to G 4 . If the reader is interested in G 5 , it is derived in Refs [40] . Now, given that where the arguments of the barred functions are now to be intended as functions of the matter frame variables, i.e.X = B −2 X.
B Explicit formulas
Here we present for completeness the form of Horndeski equations of motion terms. They are given by E 2 = 2XG 2,X − G 2 , E 3 = 6XφHG 3,X − 2XG 3,φ , 
